Circular chromatic number, χ c is a natural generalization of chromatic number. It is known that it is NP-hard to determine whether or not an arbitrary graph G satisfies χ(G) = χ c (G). In this paper we prove that this problem is NP-hard even if the chromatic number of the graph is known. This answers a question of Xuding Zhu. Also we prove that for all positive integers k ≥ 2 and n ≥ 3, for a given graph G with χ(G) = n, it is NP-complete to verify if χ c (G) ≤ n − 1 k .
Introduction
We follow [4] for terminology and notation not defined here, and we consider finite undirected simple graphs. Given a graph G, an edge e = xy of G and a triple (H; a, b) where a and b are distinct vertices of the graph H, by replacing the edge e by (H; a, b), we mean taking the disjoint union of G − e and H, and identifying x with a and y with b. For our purposes, it does not matter whether x is identified with a or with b.
For two positive integers p and q, a (p, q)-coloring of a graph G is a vertex coloring c of G with colors {0, 1, 2, . . . , p − 1} such that
The circular chromatic number is defined as
So for a positive integer k, a (k, 1)-coloring of a graph G is just an ordinary kcoloring of G. The circular chromatic number of a graph was introduced by Vince [3] as "the star-chromatic number" in 1988. He proved that for every finite graph G, the infimum in the definition of the circular chromatic number is attained, so the circular chromatic number χ c (G) is always rational. He also proved, among other things, that χ − 1 < χ c ≤ χ, and χ c (K n ) = n.
For a (p, q)-coloring φ of a graph G, let D φ (G) be the digraph with vertex set V (G) and for every edge xy in G there is a directed edge (
The question determining which graphs have χ c = χ was raised by Vince [3] . It was shown by Guichard [1] that it is NP-hard to determine whether or not an arbitrary graph G satisfies χ c (G) = χ(G). In 
Problem 1 What is the complexity of determining whether or not χ c (G) = χ(G), if the chromatic number χ(G) is known?
We answer this question, using the following theorem.
Theorem A. [2]
It is NP-hard to determine whether a graph is 3-colorable or any coloring of it requires at least 5 colors.
Complexity
Consider the graph K − which is obtained from a copy of K 4 with vertices v 1 , v 2 , v 3 , and v 4 , by removing the edge {v 1 , v 2 }. In the following trivial lemma all equalities are in Z 4 .
Lemma 1 In every
is acyclic and has no directed path between v 1 and v 2 .
is acyclic and has a directed path from
Consider the graph H shown in Figure 1 . One can easily check that χ(H) = 4 and we have the following Lemma. Now we prove that it is NP-complete to verify that the difference between chromatic number and circular chromatic number of a given graph is greater than or equal to 1 k , when k ≥ 2 is an arbitrary positive integer is NP-complete. Let K be a graph with vertex set {a, b, v 1 , . . . , v n−1 } in which each v i is adjacent to every other v j , a is adjacent to v 1 , . . . , v n−2 , and b is adjacent to v n−1 .
Lemma 3
Proof. If x = y, then a (kn−1, k)-coloring of K can be transformed to a (kn−1, k)-coloring of K n by identifying a and b. And this is impossible because χ c (K n ) = n. If x = y without loss of generality we can assume that x = 0 and 0 < y ≤ Theorem 2 For all positive integers k ≥ 2 and n ≥ 3, the following problem is NP-complete. A graph G is given where χ(G) = n, and it is asked whether χ c (G) ≤ n − 
